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1. Introduction and background

The skew-normal and related families are classes of asymmetric probability distributions that include the normal
distribution as a special case (Azzalini, 1985; Azzalini and Capitanio, 2014). In recent years they have received increasing
interest from the scientific community because in many applications data is frequently incompatible with symmetric
distributions, such as the normal or elliptical distributions.

In this work we focus on the univariate extended skew-normal distribution (Arellano-Valle and Genton, 2010; Azzalini
and Capitanio, 2014, Ch 5.). Precisely, a random variable X follows an extended skew-normal distribution (Arellano-Valle
and Genton, 2010), denoted as X ~ ESN(u, w, «, ), if its probability density function (pdf) is given by

dx; w, w, 2, T) = Mqﬁ(az—i—t), xeR, (1)

@(‘L’/W)

where ¢(x; 11, @) is a univariate normal pdf with mean x € R and standard deviation @ > 0,z = 0~ !(x — ), and &(-) is the
standard univariate normal cumulative distribution function (cdf). The parameters « € R and t € R are known as the slant
and extension parameters, respectively, and they control the nature of density deviations away from normality. Whent = 0
the extended skew-normal distribution reduces to the skew-normal SN(ut, w, «),and when both t = 0and @ = 0 the normal
N(u, w) distribution is obtained. Without loss of generality, we work with location and scale standardised distributions
throughout, i.e. ©# = 0 and @ = 1 which we compactly denote as ESN(«, t). For further visual and presentational clarity we
write distributional parameters in the subscript of the pdf and cdf so that e.g. ¢(x; &, T) = ¢y -(x) and @(x; «, T) = Py (X).
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Our contribution concerns the derivation of the extremal properties of the univariate extended skew-normal distribution.
Specifically, we obtain the well-known Mills’ inequalities and ratio (Mills, 1926), and as a result, derive the asymptotic
extreme-value distribution for the maximum of an extended skew-normal random sample, for large sample sizes. The speed
at which the sample distribution converges to its limiting case is also determined.

We briefly recall the cornerstone result of univariate extreme-value theory. For eachn € N, let X1, ..., X;, be a series of
independent and identically distributed (iid) univariate random variables with a continuous distribution function F defined
on R. Define, the (n-partial) sample maximum by M, = max(Xi, ..., Xy). If there is a sequence of normalising constants
a, > 0and b, € R such that

lim Pr (u < x) = lim F"(aux + by) = G(x), (2)
n—oo ay n—oo

for all continuity points x € R of G, then this limiting distribution must be a member of the Generalised Extreme-Value (GEV)
family of distributions, denoted by G, where y € Ris the tail-index parameter (Beirlant et al., 2004, Section 2.1). Specifically,
members of the GEV class of distributions are: the standard Gumbel Go(x), Fréchet G,(x) = Gy,,((x — 1)/y) for y > 0 and
negative Weibull Gg(x) = G_1,,,(—(x + 1)/y) for y < 0. When the limit (2) holds we say that F is in the maximum-domain
of attraction of G, in symbols F € D(G, ). One well known result is that a necessary and sufficient condition for F € D(G, )
is that F is a Von Mises function, see Resnick (1987, Ch. 1) and Resnick (1987, Proposition 1.4) for the special case when
F € D(Go).

The remainder of this paper is organised as follows. In Section 2 we firstly derive Mills’ inequalities and ratio, and then
the extreme-value distribution for the sample maximum and the convergence rate of its sample distribution. Throughout,
all proofs are provided in the Appendix.

2. Extremes of extended skew-normal random samples

Mills (1926) established the following results (Mill’s inequalities and Mills’ ratio) for the standard normal distribution:

x11+x)7" < 1;(7(;))()0 <x !, x>0, (3)
1-— @(X) o 1 X — 00, (4)

o)
where (4) is obtained from (3) for large x. Mills’ ratio can be used to establish the normalising constants a, and b, in (2)
following Proposition 1.1 in Resnick (1987). Liao et al. (2014) derived Mills’ inequalities and ratio for the skew-normal
distribution, from which (3) and (4) may be recovered by setting « = 0. Here we require more general results. The
following two propositions derive Mills’ inequalities (Proposition 2.1) and ratio (Proposition 2.2) for the extended skew-
normal distribution. It follows that the results in Liao et al. (2014) can be obtained from these by setting 7 = 0.

Proposition 2.1 (Mills’ Inequality). Let X ~ ESN(«, T) wherea, t € R. Foreachx € Rand «, v € R, definex, ; := ax+ v and
& = (14 «?)V2. Forany x > 0 we have

1 - ¢a,r(x)
P,z (X)

where the upper and lower bounds are given as follows:

Ly (x) < < Uq,(x),
(i) whena > 0

(ia) and when x, . > 0, then

= -2)7! -1 9la)) ™
L (x)=x"1(14x72) and Uy.(x)=x (1_7) ’

Xo,T

(ib) and when x, ; < O, then

- 2
Ly (x)=x"" (1 +X_2) ' and Uy (x) =x71 ( %) .

_Xa.r¢(xa.r)
(ii) wheno < 0

(iila) and when x, » > 0 and x 4+ aX, ; > 0, then

La,r(x) = X_l (1 +X_2)_] (‘1 + o ¢(X¢x,r)xa,r ) ’

@2X + T Xyr — P(Xaz)
a(a®x + at) O(Xe ) @%X + at)
(@ +atP+a?x2  +1—Xg :d(Xar))’

Uoz,'r(x) = X71 <] +
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(iib) and when x, ; > 0 and x + ax, . < O, then

Ll o ar\~1 a{@®x+at)
_ ¢ (ax+ %= + _dotxtar)
Loz,r(X) = x—l (] —|—x_2) 1 1+ ( ¢(X ))1 (;:7)(1+a1) +a
o, T — Xy 1

o - oaT 71 o
(ax+%) + i

¢(th,r )71 - zxmr

Xg,rt1

Up-(x)=x"1[1+

(iic) and when x,, ; < O, then
_ X, 1
Lo ()=x1(1+x2) "1 2ot (4 ),
(%) (1+x7?) Fxtar +X§,r

ax, a2 !
Uy x)=x1[1- LA | )
%) ( &2x+at( +(5{2X+Ott)2>

Proposition 2.2 (Mills’ Ratio). Let X ~ ESN(«, ) with «, T € R. Then, from Proposition 2.1, as x — oo we have

1— @y (x) x! a>0
W ~ {{(012 + 1)X—+—att}_l a < 0.

Given Mills’ ratio for the extended skew-normal derived in Proposition 2.2, Proposition 2.3 demonstrates sufficient
conditions on the survival function 1 — @, (x) to conclude that the extended skew-normal distribution &,  is both a Von
Mises function, and is in the maximum domain of attraction of the Gumbel distribution @, ; € D(Gy), regardless of whether
oa>0ora <0.

Proposition 2.3 (Gumbel Domain of Attraction). Let X ~ ESN(«a, t)witha, T € R. Forx — oo, the survival function 1 — @, (x)
can be written as

ecin=en(-[ )

In particular, when « > 0, then as x — oo

1
c(x) > ——— >0
&(t/a)v2me
gX)=1+x2%2—>1,
f)=x1>0 f(x)=-x72-0,
where @ = (1 4+ «?)/?, whereas when o < 0, without loss of generality, assume that « + t© < 0 and @ + at > 0, then as
X —> 0
—exp (_ 1+(a2+r)2)
c(x) —> - ,
27® (t/a) (e + 1)+ 1) + 7T)
=2
o
gx)=1+ + - -1,
(5[2X+af)2 (ax+1) (@2 + at)
—a?
f)= 5——=>0, fX)=———5—0.
a’x+ ot (@x+ ozr)2

As a consequence, @, ; is both a Von Mises function and &,, ; € D(Go).

From Proposition 2.3 and in combination with Proposition 1.1 in Resnick (1987), it follows that the normalising constants
a, > 0and b, € Rin (2) can then be identified through the standard identities

1— &, (by)=n"" and an = f(bn), (5)

where f is given in Proposition 2.3. For practical purposes, it is usually more convenient to identify alternative normalising
constants with a closed-form expression. In general terms, it is well-known that if there are normalising constants a, > 0
and B, € R, different from a; and by, such that F"(c;x + B,) — G(x) converges to a non-degenerate limit G( Jasn — oo,
then G is equal to G as given in (2) apart from some modification of the scale and location parameters (e.g. Resnick, 1987,
Proposition 0.2), which does not qualitatively change the tail behaviour. In Proposition 2.4, we provide some alternative
normalising constants «,, 8, with a closed-form expression, that satisfy the conditions «,/a, — 1and (8, — by)a, — 0, as
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n — oo (see Leadbetter et al., 1983, Theorem 1.2.3). This therefore implies that the limiting distribution for the normalised
sample maximum is still a standard Gumbel distribution.

Proposition 2.4 (Alternative Normalising Constants). Let X1, ..., X, be a series of iid random variables with X; ~ ESN(«, t) for
i=1,...,nwitha, t € R. Define M, = max(Xy, ..., X,) and define the normalising constants
In(2 1/2)Inlnn+In@® ol
oy = E;é and ﬂn = Zn,o — ( ﬁ) * ( / )E * (T/a) ifC( > 0,
' n,0
21n(2 Inlnn+In® (r/a) — t2/2
an =1L, and By =Ly, — @v/rlaD + 2E+ (/&) =7/ —g ifa <0,
' na o

where £, o '=+/2Inn(1 +a2)and @ = (1 + o?)V/2. Then

M, —
lim Pr ("7'8" < x> = Go(x), Xx€R.
n—o0 o2

In the presence of competing normalising constants, a natural question to ask is whether the rate of convergence of
@, . to Go as n — oo, differs substantially when the normalising constants (e, B,) in Proposition 2.4 are considered
in the place of (ay, b,) defined by (5). Theorem 2.1 establishes the rate of convergence for each sequence of normalising
constants.

Theorem 2.1 (Convergence Rate to Gumbel Limit). Let X ~ ESN(«, ) witha, t € R. For the normalising constants oy, 8, defined
in Proposition 2.4 we have
Go(x)e™* (Inlnn)?
(@] (o + o) — Gotog) ~ PRy o,

where ¢ = 16 when @ > 0 and ¢ = 4 when a < 0. For the normalising constants a,, b, defined in (5) we have

lim b2 [b2 {®" (ayx + by) — G = )
i 15 1Pe.o(n n) — Go(¥)} — k(X)Go(x)] = | w(x) + > Go(x),

n—oo

where
2 2 1

K(X) = X ‘|2‘ XE'_X and a)(x) = —g (X4 +4X3 + 8X2 + 16X) e X
when o > 0, while

k(x) = Me_x and w(x) = _M {(1 +30(2)16X+O(2(X4 + 8x3 +24X2)} e

T 2(1+0?) - 8

when o < 0.

From Theorem 2.1 it follows that when the sample maximum is normalised by («;, 8,) and (a,, b,), then the rates of
convergence to the standard the Gumbel distribution are of order (InInn)?/Inn and 1/In n, respectively. That is, the rate of
convergence is slower for («y, B,), balancing the advantage of the closed-form expression.
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Appendix A. Proofs

A.1. Proof of Proposition 2.1

Define x, ; := ax + 7 forevery x, o, T € R. From (1) we can write

1— @, () [FCe0)0(ta)dt [ o(t, Je/2dt
¢a,z(x) B ¢(X)(D(Xa,z) - (p(xa,r)e—xz/l
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For x > 0, using integration by parts gives

1 +o00 +o00 ot
= D(ty.)e 2t >/ #e*fz/zdt
X2 J, ; t

DX, , +00 +oo o—t%/2
= Me*"z/z —/ D(ty.)e " 2dt +a/ P(ty.o)dt
X ; ; t

from which it follows that

1 too ®(x, +00 efrz/z
(1 + 7)[ Bty )e " 2dt > Plac) 22 +oz/ Pty )dt.
X X X x t

We study the behaviour of the inequality (7) conditional on the sign of «.

(i) When « > 0, by (7) we obtain
1 e —t2/2 -1 —x2/2
1+ 2 D(ty.)e dt > X~ P(x4.c)e ,
X

and therefore we derive the lower bound

1 -1 +o00 &(t eftz/zdt
La,r(X) = X_1 (1 + > < fx ( a,r) ] .
D(Xg,r)e /2

Since f)foo t‘2<1>(ta,,)e“2/2dt > 0, then from (6) we obtain

+o00 D(x 2 +o00 2
/ D(ty.)e /2dt < PXac) 5 4 +(x/ tle 2 p(t, . )dt
X X X

oo 2
< (p(xa,r)e_% 1+ afx e 2 d’(?x,r)dt < ¢(Xa,r)e_§
x (%o Jo P2 x
_ (p(xa,r)e_% 1+ 1—D(xy,7) :x‘le_%.
X P (Xa,c)

Then, we have
1- ¢a,r(x)
$a,7(X)

We now also need to consider the sign of x, ;.

<x'0 7 (Xg.0).

(ia) Whenx, . > 0,by (3) we have 1 — @(x4,;) < ¢(X4,)/Xe.r, Which implies
M%ﬂ)]

X7

D(Xer) ! < (1 -
Then, substituting the above inequality into (8) we obtain the upper bound

+oo —t2/2 -1
/x (p(ta,t)e de < X71 (] _ ¢(Xot,r)>

D (Xq, o Je /2 Xer

= Ua,t(x);

(ib) When x, . < 0, by inequality (3) we have that ®(x,,:)™' < — (X2, + 1) /{Xa,c$(Xa,
into (8) gives the upper bound

j;:roo q)(ta,r)eitz/zdt < x ! _(Xa,r)z +1 — U, .(%)
(p(xa,r)eixz/z xa,r¢(xa,r) e

(ii) When o < 0, using the property

2 2
X,/o; + o 2 2
X — X — U A 2 H105 + (20 M1 — p2
¢< >¢< >=¢ —— — = K ,
192 ,/012—1—0220102 ,/0124—022

o1 02

77

: (6)
(7)

o [7% p(ty,0)dt
T )

)}, and substituting this
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we can write

24 42 -1 —1
exp G“ﬂ%) — 27 (“i%) #(t) = 276 <5zt n w; >¢ (2) ,

where @ = +/1 + o2, which then gives
+oo +oo -1
a/ e 2g(t, o)t = a2 / @ <t& + 2 ) ® <§> dt
X X (04 (o4

- T
_ et (1 - g (ax+ )] ©
o o

Hence, starting from (7), a lower bound is of the form

! - P(Xa,r a [T et 2L, ,)dt
<1 + ;) / (p(ta,r)eitz/zdt > Me*"z/z <] + /; o(ta,7)
x

X X~1P(Xg o JeX12

400 2
P(¥or) 22 (1 TR t/2¢(ta,r)dt>

DXy, e /2

2

s 1 (ax+ )]

= e 1+ 10
X P(Xq,c Je /2 (1o
Similarly, an upper bound is given by
+00 2 +00 ) 5 +o00 )
x/ D(ty . )e " /2dt </ tD(ty et /2dt = P(xy)e ™ /2+/ ad(ty)e " /2dt,
X X X
and hence, using (9) we obtain
+00 T wb(t, L )et/2dt
/ Bty )e At < x 1B (xg )e 21+ S~ adltar) .
x D (Xy 7 )e* /2
2 =2
Le T/ — ¢ (ax + &
=X 1D )e 21+ & { 2(2 Gl . (11)
D (Xy o )/

As before, we also need to consider the sign of x,, ;.

(iia) When x, ; > 0 and x + ax, . > 0 then we have x@ + (at)/a > 0. Therefore, by (3) we obtain 1 — ®(x, ;) <
@(Xo.7)/Xq.r, and using the equality

et/ (&x + ?) —e 2 (Xa.r) (12)
o
we have that
22 (1 _ g (ax+ <)) o (@x+ar)
dj(xa,r)e_xz/z 1/¢(xor,r) - 1/on$1' '

Thus, substituting the above equality into (10) leads to the desired lower bound L, .(x). Further, from (3) we
also have @(x, ;) < 1 — q)(xa,r)xa,z/(xi’f + 1), which, combined with (12), gives

2922 _ (&®x+at)
gen O -0 @+ )} Ghiuoria
(D(Xa,r)e_xz/z d)(xa,r)_] - éiﬁ

Applying the above inequality to (11) leads to the upper bound U, . (x).
(iib) When x, ; > 0 and x + ax, ; < 0 then we have ax + («t)/a < 0. Therefore, by (3) we obtain

a ¢ (@x + at/a)

1-@(ax+at/a) <1+ = - —>
alx 4ot 14 1/(@x + at/a)

which, combined with (12), gives

_ — -1 &2
%effz/(zw (1—@ (ax+at/a)) _ g¢> (ax + ‘2—’) + %
¢(XOK,T)€7X2/2 1/¢(X¢x,r) - 1/xa,r




(iic)

A.2. Proof of
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Together with (10) the above inequality leads to the desired lower bound L, ;(x). By (3) we also have

Sx _
1— @ @x+ar/a) = 14 2O Tor/@)
ax +at/a
and from this it follows that
_ o —72 /(252 ¢(ax+%)
%efrz/(Zaz) (1— & (@x+at/a)} 3 se’’ /2a%) (] + BT )
D(Xy. o o /2 e /21 — Xy 1 (X0, )/ (X2, + 1)}

Together with (11) the above inequality leads to the upper bound U, . (x).
When x, ; < 0,since /& < 0and ax + (at)a > 0, then by (3) we have

Sx _
1= @ @x +at/a) < 2OXTaT/®)
ax+at/a
and thus
) [1 —o (&x n @)] L P (&x i ﬁ) . (13)
a a a (ax + ‘%) a
Furthermore, by (3) we also have
22 Xar —x2/2
D (Xq,7)e > 2+ ]¢>(xa,f)e ,
and combined with (12), (13) then becomes
ge—rz/(z(f) {1—@ (ax +at/a)} alx2 . +1)
(X0 Je P2 T @ et

Together with (10) the above inequality provides the lower bound L, ;(x). Again applying (3) we have @(x, ;) <
P(Xa,)/Xa,r and
¢ (@x+at/a)

_ _ - _ -1
1—q)(otx+oz1'/a)>m(l—i—(ax—i—ar/u) 2) .

Using o/ < 0 and (3) gives

%effz/(z‘iz){l — @ (ax +at/a)} Xy (X + OXg 1)

D(Xy.p e /2 (@2x+at+a2+1

which together with (10) provides the upper bound Uy . (x).

Proposition 2.2

Letx, . := ax+ 7 and & = (1+ «?)V/2. First, note that when « > 0, then x,,, becomes positive when x — oo, regardless
of the value of 7. From Proposition 2.1 and noting that

lim (
X—> 00

we can obtai

Lo (%)

-1
. ¢(xa,,)> .

Xa,t

n
_ 1
T x4 x1

1 1
~ ) Ua,r(x) ~ -
X X

Conversely, when o < 0, then x, , becomes negative when x — oo, regardless of the value of . From Proposition 2.1 we
have that the dominating term for the lower and upper bounds is

x! <1

AXg o
ax+at /)’

As a consequence,

Ly (x) ~

1 1
Uq,:(x) &~

ax+oat’ ax+oat’
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A.3. Proof of Proposition 2.3

Define X, ; == ax+ 7 and @ = (1 + «?)!/? for every x, o, T € R. When o > 0, by Proposition 2.2 as x — oo we have
D(Xo.) e X2 @
-0~ e

(ar) 1 (45
P(t/a)x/2r  P(
D(x, 1 X tz%]
=—=L——exp(— [ L—dt
&(t/a)2me 17

= c(x)exp (— /1X }grg))dt) .
1

lim c(x) = ——————, limgx)=1, lim f'(x)=0.
X— 00 qj(-[/&) 2mwe X—00 X—00

It follows that

When o < 0, from Proposition 2.2 as x — oo we have

1—¢ (X) ~ _¢(X)¢(Xot,r)
T (@t ar) nc0(1/a)
= . L~ 12 + 1 -1 1
= ama(ya) 0P| 2% T et D et = 1) — (e 4 %) — In(—Xeo)
_ I+t ) ,
= ; _ _ _ _ -2 017 o
= 2mde/3) exp [ In(a(a + 1)+ 1) — In(—(a + 7)) /; <a t+ AT+ T + tw) dt}

2
1+(a+1)? a’+1

—e 2 (a41)! /" 1 (@2t+ar)? t rro@eran d
exp { —
2r®(t/a){a(a + 1)+ 1} P 1 1

alt+at
= c(x)exp (— /x %dt) ,
1

assuming @ + ot > 0and @ + t < 0. It follows that

- 1+(012+r)2 (o + )_1

- T

lim c(x) = — ¢ >0, limgx)=1, limf'(x)=0.
x—>00 2nd(t/a){ala + 1)+ 1} X—>00 X—>00

Therefore, by Proposition 1.1(a) and Corollary 1.7 in Resnick (1987) we have that @, ; is a Von Mises function and &, ; €
D(Go).

A.4. Proof of proposition 3.4

Recall that for brevity we write £, , = /2(1 + «?)Innand@ = (1+a?)/2foranyn € Nand o € R.By Proposition 2.3 we
know that @, ; € D(Go) and therefore by Proposition 1.1 in Resnick (1987) we have that the normalising constants a, > 0
and b, € R can be obtained by solving the equation in (5). Here we derive some approximations for a, and b,. We distinguish
two cases. First, we consider &« > 0. By Proposition 2.3 the second equation of (5) gives a, = 1/b, and by Proposition 2.2 the
left hand-side term of the first equation can be approximated as 1 — @, ;(bn) & ¢o.-(bs)/bn asn — oo, and so through tail
equivalence we can focus on the equation n¢, .(b,) = b,. Taking the logarithm on both sides we obtain

1 b?
Inn—1Inb, — 51n2n - ?" +In®(ab, + 1) — In®(r/a) = 0. (14)

Dividing (14) by b2 gives b, = £, + o(1) and
1
logb, = i(ln2~|—lnlnn)~|—o(l). (15)

We set o, = 1/£p,0. Using the fact that @(ab, + t) — 1asn — oo and plugging (15) in (14) we obtain

1/2Inlnn+ In(24/7) + In2& (7 /@)
en,O

by = €n0 — +0 (1/£n,0) = Bn + o(an).
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In the second case we assume « < 0. By Proposition 2.2 the left hand-side term of the first equation can be approximated
by @a - (by)/{(1 + a?)b, + @t} as n — oo, and so through tail equivalence we can focus on the equation ne, -(b;) =
(1 + )b, + at. By taking the logarithm on both sides and noting that from Proposition 2.1

1 b 2
In ®(ab, +7) ~ — In2 - w —In(—(aby + 7)), N — o0,
then we obtain
2 b2
Inn — In{(1 + &2)b, + at} — In27rath, — 5 - "2 +In®{—(aby + 1)} — In®(1 /@) = 0. (16)

Dividing (16) by b2 then gives b, = £y + 0(1). We set ay = 1/£p,. Plugging by, in (16) we obtain
2In2y/7|a|)+Inlnn+In® (t/@) — t2/2 ot
2Zﬂ,a 1 + o

Finally, as in both cases « > 0 and « < 0 we have a,/a, — 1and (o, — Bp)/an, — 0asn — oo, then by Resnick (1987,
Proposition 0.2) we have @, ;(apx + B,) — Go(x)asn — oo.

b, = oo — 2 + 0(1/&1,0{) = Bn + o(an).

A.5. Proof of Theorem 2.1

Let u, = aynXx + By and v, = ayx + B, where o, and B, are respectively defined as in Appendix A.4 when o > 0 and
o < 0.let& = (1+o?)/forany @ € R.When« > 0 it is easy to check that u;? ~ £, asn — oo, which implies that
O(u;%) = 0o((Inn)~1), and

1 1 Inlnn
u, = z11,0 1+0 Inn :
Furthermore, by Proposition 2.1(ia) we can write

1— @y () = Uy " P o (U1 + Ouy )}

Defining ¥, = n{1 — ®(u,; «, t)}, we may then write

s (Inlnn)?

Setting ¥ = e* then gives

_,(nlnny?
Temnn {14+ 0(1)}.

In the case when @ < 0 it is also easy to check that

Inlnn\’
vt =t o [1+o{< - ) ”

which implies that O(v;?) = O((Inn)~!), and

1 1= Inlnn
v, =4, ,a11+0 nn .

Furthermore, by Proposition 2.1(iic) we have

1= @ (vn) = —P(X)P(ve.0) { (@Vn + @T) Ve B(T/@)} " {14 0(v; %)},

where v, .; = av, + 7. Thus, when ¢, = n(1 — @(v,; «, 7)), using the additional approximation v, = €, , + o(1), we can
write

s (Inlnn)?
Un=e [1 — W{l +0(1)}] ;

from which we obtain

U — U =

_(Inlnn)
4Inn

Then apply Leadbetter et al. (1983, Theorem 2.4.2) to complete the proof of the first assertion of the theorem.
Focusing on the normalising constants a, and b, given in (5), we require the following lemma to determine the speed of
convergence to the Gumbel distribution.

v—9,=e {14 0(1)}.



82 B. Beranger, S.A. Padoan, Y. Xu et al. / Statistics and Probability Letters 147 (2019) 73-82
Lemma 1. Let hy .(x; by) = nlog @ (f(by)x+by)+e~*, where the normalising constant by, is given by (5) and f is the auxiliary
function defined in Proposition 2.3. Then
. 2 2 . —
Jim b7 (byha p(x: br) — k(X)) = w(x),
where k(x) and w(x) depend on the sign of the slant parameter « and are defined in the statement of Theorem 2.1.

The proof of Lemma 1 is provided in the Supplementary Material. Lemma 1 indicates that h, (X, b,) — 0 as n gets large
and

o hi 2 (%, bn)

I < exp (ho,o(x, b)) = 1, n— oo.

i—3
Then, noting that exp {hq (X, bn)} = @[ (anx 4 by)Go(x)~" and applying Lemma 1 once more, we have
@" _(apx + b,
bZ [bZ (@5 (anx + bn) — Go(x)) — k(x)Go(x)] = b2 [bﬁ (% - 1) - x(x)] Go(x)
0
= b} [b? (exp {ha.«(X, bn)} — 1) — k(x)] Go(x)

ha,c(X,bn)? o= hoo(%, by )’
2 +Z il

b2 | b2 | heo(x, ) + — k(%) | Go(x)
i=3

- 4 , (1 g o (%, by)' 3
b2 (b2ha, (X, by) — k(%)) + bah «(x, by) 5+ h(x ba @, 7) o

i=3

5 Go(x)
il

K3(x)

— [w(x) + ]Go(x), n— oo.

Appendix B. Supplementary data
Supplementary material related to this article can be found online at https://doi.org/10.1016/j.spl.2018.09.018.
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