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> Let X = (Xy,...,Xp)) € Dx C R” with d.f. Fx (unknown).

>

Background Information (1)

Let X = (Xi,...,Xn) be the collection of /V i.i.d. replicates of X with

realisation given by x = (x,...,xn)

-

Without any parametric assumption about Fx:

~

Make statistical inference on 8 € Dy C RM using R > M functionally
independent estimating equations (EE):

g(X,0) = (g1(X,0),...,8r(X,0))",

with the condition

N

Er, [g(X,0)] =0, forall r=1,...,R.

)
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Background Information (2)

» No assumption on Fx = Empirical alternative

ﬁe empirical likelihood (EL) associated with the observed sample XN
L(Fx;x) = H:,\Ifl dFx(xn) = H:,\Ifl P(X = xa).

Fx can be seen as a discrete distribution on {xi,...,xn} with probability
vector p = (p1, ..., pn) defined such that:

(C1): pp=P(X=x,)>0,n=1,...,N.

\_ (C2): SV, py=1

If there are no other conditions on x other than (C1) and (C2) then

N 1

Pn = argmapr,, =N
pn|C1,C2 n=1

and the estimating equation becomes:

N
%Zg,(x,,,é) =0,forallr=1,...,R.

n=1
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Background Information (3)

Example:
Assume we are interested in estimating the mean and variance, i.e. for M = 2:

0 = (p,0%) = (E(X), V(X)).

A natural choice of estimating function with R = 2 is then

g(X.0) = (X =, (X =)’ = %),

for which the estimating equations give

LYW (30— 1) = 0

LS, (5 - 1~ 8%) =0
A= 5 Caa%n

5= LS (xa — )
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Symbolic Data

Foraclass c =1, ... C, let X9 = {X\9 ... X{9} denote the c-th subset of
X of size n. s.t.

S, X = X

Ecczl ne=N

The Symbolic object Sc € Ds, is a summary of the information contained
in X(), obtained through an aggregation function 7(-) which may contain
some deterministic elements ¢

For observations x(c), the information is summarised in sc = {nc, Tc, ac}, where
T.=D(X'9)) and . contains the summary statistics specific to (-).
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Estimating Equations for Symbolic Data (1)

Let ¢ = fx|s,—.. denote the density of X given a summary s..

> Let ¢ = fx|s—s denote the density of X given the set of all summaries s.

These densities are linked through

L(x € sc)p(x)

¢’C(X) = IP(SC) )

where the indicator restricts to the c-th symbol and the denominator
corresponds its probability of occurrence P(s;) = [ ¢(y)1{y € sc}dy.

Example: If classes/symbols are independent then we can take
IP(sc) = % such that S P(sc) = 1 which yields

0L

2\3
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Estimating Equations for Symbolic Data (2)

We define the estimating equations for symbolic inputs as
Er[g/(S5,0,9)] =0, forall r=1,...,R

where g/ is a transformation of g, due to the aggregation and Fs is the
symbolic distribution function.

1. Need to define an empirical alternative for Fs

2. Need to derive g/ (from g:)
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Estimating Equations for Symbolic Data (3)

The symbolic empirical likelihood associated with the observed symbol s is

L(Fs;s) HIP(S_SC)_HHP

c=1n=1

Fs can be seen as a discrete distribution on si, ..., sc with probabilities
pi,-..,pPc, such that:

{ (C3):p.=P(Sc=s)>0,c=1,...,C
(ca): >, p=1
Each observation X,(,C), n=1,...,n, c=1,...,C has probability q,, =

such that ¢ 7 gt =
If there are no other condltlons on s other than (C3) and (C4) then

ot

c“x,&”—argmaxHan -l = h-

Nc
N
\C3 C4 c=1n=1

and the estimating equatlon becomes:
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Estimating Equations for Symbolic Data (4)

The symbolic estimating equations are obtained by integrating the classical
estimating equation over all the data points x from which the symbols s are
produced with their corresponding weights, i.e.

Er[8/(S,0,9)] = fpp B[ (X, )l fsx(s1x, 9)6(x)dx.

/D),\(I]I{W(X(C)) zsc;c:1,...,c}
{ ﬁi L{xs € x'V}g: (xn; 9)} ¢(x)dx

1 N C

PR /DN 1w € X9 {r () = s} (i O)x)dx
) n=1 c=1 Y DY

Z % /T Pc(x)gr(x; 0)dx,

Ers[g/(S.0,9)]

And we conclude

g,/(sc,e,ﬁ):/ ¢e(x)gr(x, 0)dx.

c

11/20



Estimating the within-symbol density ¢, (1)

Back to the Example: 6 = (i, 0?), we can rewrite

e [s (00)] = (1

= Need jic = Ey_(X) and 67 =
Ye = Ere (X9 = pb) /0b)’]

For skewness:

P15 (6o - ;,2))

Vo (X).

For correlation:  pcie = EF,. [(X[(dcl) - uc[d])(X[(sC]) - uc[e])]acf[j]az[j]

We first need to estimate ¢

Common approach: (Bertrand and Goupil, 2000; Billard and Diday, 2003)

» Assume uniformity within classes: ¢. is uniform density;

> Example: ac = (ac,i, ac,y) the upper and lower bounds of an interval

_ Qi tacuy

(ac,ufac,l)2

=

c 2 ’

~2
0. =

12
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Estimating the within-symbol density ¢, (2)

Our approach: Borrowing information from adjacent symbols

> Attribution of a realisation to a class is random:
Aced{l,..., C} with d.f. H., indicates the list of symbols in which an
observation x could have been aggregated in.

> Redefine ¢ (density of X given S) as

¢(X):/D( fx\s;sl(X)de(A)dA

X

where s’ denotes the set of symbols given that the observation x is
assumed to be grouped in the \-th class.

If an observation x can only be associated to a unique symbol s. then Hy
is a Dirac delta function and ¢(x) = fx|s_s/(x).

» The density of an observation given a symbol s is given by

be(x) = Wepizij), s = /T A(x)dHx(c)dx.
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¢ for interval-valued data

sc: D-dimensional intervals with ac = (ac i, ac,w) and Te = [ac,r, ac,u]

If x is in a region where some intervals from the set s overlap, then A,

has a discrete outcome ), a subset of {1,...,C}
Hy (), c) Je  forallceA
(AN, c) = ——, for all ¢ .
Zd;’/\ Na

We can derive that:

C
nNe
x) = ; WIL{X €T},

Split the range of x into a grid of subintervals denoted by v, with
b:(bl,...,bo) and bd:].,...,(ZC—I—l);d:l,...D

The normalising term Pjf = mc(1) where

mc(f(x)) /f f(x)p(x)dHx(c)dx

s Z <Z]l{vb C T Hp(A, c)/

Vb

f (y)dy> ,
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¢, for interval-valued data

The estimates of the mean, variance, skewness and correlation within an
interval c are obtained using the density ¢. and are given as follows

2
& me(xa) 52 ’"C(X[dl) ~2
Hed = me(1) Ocd = me(l) Heds
3
oo ome() A 3 /ica s me(qaXe) _ feghce
Ted = Gomed, T 53, T Jéa Pede = meDocqbee  Geabee’
ford=1,...,D.
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¢ for histogram-valued data

s.: D-dimensional histogram bins with nc = ac = EHNZI 1{x, € T¢} and

Te=((va-1,¥4) X+ % (V1Y)

Assume the marginal bin width to be equal and given by

0g = yg, — yfd,l Vg, d s.t. the area of each bin is |T¢| = ngl Od.
Choice of the bin locations T¢ is arbitrary and other histograms could

have arisen by shifting the bin locations by up to half of their width to
the left or to the right.

New bin locations T = T + u where u = (u1, ..., up),
wg~ U (=5, %),
Ay: the bin T in which x could have been aggregated to, is now a

continuous as the set of outcomes contains all the shifted bins T’ that
will include x.

H(T7) 1{x e T}

_ 1
HdD:l 0d

Assuming that histogram bins can be shifted relates to the ideas of
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Examples

N = 2000 draws from the Skew-Normal distribution.
e C min/max intervals

Classical estimates and 95% Cl (Solid black)
Borrowing/Not borrowing information (Solid grey/Dotted black)

Billard and Didday (2003) histogram estimator of intervals by partitioning,
borrowing (Dotted grey) and not borrowing information (Dashed grey)

Skewness

Variance
0.34 036 0.38 040 042 044

40 60 80 100 120 140 20 40 60 80 100 120 140 20 40 60 80 100 120 140
B B B
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Mean

Examples

N = 2000 draws from the Skew-Normal distribution.
e 1 Histogram with C equal bins

> Classical estimates and 95% Cl (Solid black)
> Borrowing/Not borrowing information (Solid grey/Dotted black)
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Discussion

» A new non-parametric approach to estimate statistics presented in the
general framework of Estimating Equations

» Proposal to borrow information from neighbours to get a sense of the
dependence:

e Borrow lots of information = low dependence
e Borrow no information = dependence

> Not always necessary: e.g. mushroom dataset analysed in de A Lima
Neto et al. (2011)
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